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Abstract
The present paper reviews selected aspects of the Guliyev's hypothesis about the massive celestial body at a distance of 250-400 AU from the Sun as well as the factor of comets transfer. The analysis covers 1249 comets observed up to 2017, having perihelion and aphelion distances greater than 0.1 and 30 AU respectively. It is shown, that the conjecture of the point around which cometary perihelia might be concentrated, is not consistent. On the issue of perihelia distribution, priority should be given to the assumption that there is a plane or planes around which the concentration takes place. The search engine for such planes was applied to numerous cometary groups, separated by clusters T (discover date), e, q, H (absolute magnitude), Q, 1/aori, etc. A total of 24 comet groups were investigated. In almost all cases there are detected two types of planes or zones: the first one is very close to the ecliptic, another one is about perpendicular to it and has the parameters: ip = 86
• , Ωp = 271.7
• . The existence of the first area appears to be related to the influence of giant planets. The Guliyev's hypothesis says that there is a massive perturber in the second zone, at a distance of 250-400 AU. It shows that number of aphelia and distant nodes of cometary orbits in this interval (within statistical confidence) significantly exceeds the expected background. Analysis of the angular parameters of the comets, calculated relative to the second plane (reference point is the ascending node of a large circle) displays clear patterns: shortage of comets near i ′ = 180
• , excess of them near B = 0 • (ecliptic latitude of perihelion) and shortage near B = −90
• . The analysis also shows irregularity of distant nodes, overpopulation of perihelion longitudes in the range 350
• -20
• . Plotted distributions of aphelia N(Q) and distant cometary nodes clearly indicate a perturbation of the natural course near 300 AU. On the basis of collected cometary data, we have estimated orbital elements of the hypothetical planetary body: a = 337 AU; e = 0.14; ω = 57
• ; Ω = 272.7
• ; i = 86
• Naturally, each value may contain some errors. In order to test the stability of such an orbit, the planet was integrated for 10 7 yr, assuming that its mass is about ∼ 10M⊕. The orbits of 33 comets (having aphelia and distant nodes 286-388 AU) are also integrated in the past for a million years in order to trace possible dynamic relationship with the planet. In doing so, we varied the mean anomaly of the planet from 0
• to 360
• by 10
• in each cycle of numerical explorations. A number of close encounters between comets and the hypothetical body have been discovered.
Introduction
The study of comets is essential for understanding the formation and evolution of the Solar System. Comets contain primordial substance as well as being indicators of space. A study of cometary perihelia distribution has a long history. Historical reviews on the subject were provided by Lyttleton [1953] , Vsekhsvyatskij [1966] , Radzievskii [1987] et al. For a long time, Radzievskii [1980] , Radzievskii and Tomanov [1977] had focused on that issue. The issue is important because one of the keys to finding solution to the cometary problem might be hiding out there. The complexity of the issue is that the distribution is affected by the condition of comets appearance or the observational selection effects affecting their discovery Holetschek [1891] . The latter is particularly evident in the fact that the number of comets discovered in the north and south is not the same, comets with large perihelion distances are being discovered principally near the ecliptic Yabushita [1979] , etc. Probably this should also include complexities associated with the discovery of comets in the galactic plane.
The concentration of cometary perihelion positions near the ecliptic is unique to periodic comets. There is no straightforward concentration of LPCs perihelia were observed in that area. Some analysts considered that the concentration of cometary perihelia takes place near the galactic plane Oja [1975] , Radzievsky and Ponomarev [1979] . There is an attempt of Radzievskii et al., to prove that the perihelia of LPCs are concentrated towards the solar apex (peculiar solar motion). This attempt was challenged in Guliev [1985] . There is also an article of Natanson [1923] who focused on the search for a possible point of perihelia concentration on the Celestial Sphere. There are investigations (Guliev [1992] , Guliyev [2007] ) related to the influence of the trans-Neptune planetary bodies on the perihelia distribution of the individual cometary groups. These issues, based on the most recent data and some new approaches will be the survey items of the present paper.
Used data
This research covers the comets with the following characteristics:
• Comets, discovered up to 2017
• Comets having perihelion distances greater 0.1 AU (therefore, short-perihelion comets are not considered)
• Comets with aphelion distances greater 30 AU, i.e. larger than Neptune's orbital distance
• If the comet has been splitted, only the data of a larger fragment of its nuclei labeled A are used
Compiled in this way, our basic table contains data of 1249 comets. It begins with the comet 1P/-239 K1 and ends with the object C/2016 X1. While data compilation, we have used the catalogue Marsden and Williams [2008] and selected issues of the Minor Planet Electronic Circulars (MPEC) for the period 2008-2016. The restriction on the parameter Q is introduced due to the possible relationship between some comets and KBOs (Guliev [1987 (Guliev [ , 2007 ). Otherwise we could place constraints on periods P > 200 yr, how it's done in numerous works on cometary statistics. But in that case, we would have to use data of only 1199 comets.
During the workflow, this sample will be separated into individual groups from time to time to be analyzed.
Computing algorithms
Let's say we are looking for a plane (great circle on the celestial sphere), near which the concentration of cometary perihelia takes place. The position of such a plane is determined by the method described in Guliev and Dadashov [1989] . First, we need to determine the directional cosines of the radius vector of each perihelion point in a Cartesian ecliptic coordinate system. Further, by the method of least squares, we derive empirical expressions for the three planes around which the points have a minimum variance. They are presented as follows: Z = ax + by; Y = az + bx; X = bz + ay
To facilitate the task, the second and third expressions are also expressed in terms of Z, since it signifies a deviation from the ecliptic. In the next stage, preference is given to an empirical expression issuing the minimum sum of Z 2 , which we designate as S with subscript notation. According to the case with minimum variance we set the Types of plane: 1, 2 or 3. The plane is defined by two parameters: Ω p -longitude of the ascending node of the corresponding great circle on the celestial sphere and i p -the inclination of this circle to the ecliptic. In advance, we note that we have not encountered cases in the calculations, when the plane Type 2 seemed to be dominant within the framework. In practice, it is always close to the plane Type 1, but with a greater S. Therefore, it will be mentioned rarely.
At this stage of the calculations, we applied the LINEST function from the MS Excel software environment. It returns not only the required coefficients, but also their errors, determinacy level of the obtained empirical expression and the residual variance S. The latter is particularly valuable for comparative analysis in the case of different planes.
There may be used more advanced mathematical methods for investigating distributions of cometary perihelia. At least, these techniques had proved to be quite effective where they were applied.
Results of calculations
Application of the above described algorithm to the basic table shows the existence of the plane Type 1, near which there is a cluster of perihelia i p = 86.18
• ; Ω p = 271.74
Moreover, another one plane was discovered (Type 3)
It is not difficult to identify the nature of the last one, since it is close to the ecliptic. However, the meaning of the first one is far from clear. In particular, it does not match the galactic plane: i p = 60.2
• ; Ω p = 269.3
• . By comparison, note there are 146, 149 and 88 of perihelia in the 5
• vicinity of the planes (1), (2) and the galactic plane, respectively. The dominance of the galactic plane over the (1) and (2), takes place if the 5
• limit is significantly enlarged. For example, on the basis of 45
• vicinity, these numbers look like 943, 924 and 994, respectively. In that case, however, misleading to speak of statistical confidence.
The technique used, makes it possible to identify errors in the parameters Ω p and i p . Taking this into account, it can be argued that parameters of the dominant plane Type 1 correspond to the intervals:
• Similarly, for (2), the following intervals are found:
• In order to look into the reasons for the existence of the plane (1), we decided to analyze the distribution of perihelia individually regarding various comet groups:
• Comets with eccentricities distinct from 1 (N = 825)
• Comets with known "original"orbits (so-called initial orbital elements) (N = 499) Marsden and Williams [2008] • Comets with perihelion distances greater than 7 AU ( • Comets with aphelion distances less than 6 AU (N = 297); from 30 to 250 (N = 170), from 30 to 200 AU, from 30 to 150 AU, from 30 to 100 AU, from 30 to 50 AU, more than 1000 AU, excluding hyperbolics (N = 638)-these comets are not included in our sample, they are used only for comparison
• 3 groups of comets with absolute magnitude less than 9 m , from 6 m to 9 m , and brighter than 6 m (N = 99, 198 and 220, respectively) Vsekhsvyatskij [1958] • Comets with osculating hyperbolic eccentricities (N = 296)
• Comets with some other characteristic features Table 1 shows the search results for optimal planes for the cometary groups, separated by perihelion distances. The data of this table show that existence of the plane Type 1 is particularly inherent to the comets with q < 1 AU. In all other cases, two values of the S parameter are close to each other. Still in these cases, the computed planes of Type 1 are very similar to (1). The observational selection effects (comets with large perihelia are discovered basically near the ecliptic) which artificially increases the dominance of planes Type 2, should also be taken into account.
It was also estimated that the dominance of plane Type 3 over Type 1 is inherent in comets with Q < 10000 AU (484 comets). Table 2 shows the results of calculations for comets discovered prior to a certain epoch (up to 1750, 1800, 1850, 1900, 1950, 2000) . As shown in the table, in all cases, planes Type 1 took precedence over planes Type 3 in terms of S parameter. Most important, though, the position of the corresponding planes has remained fairly constant at all times. Table 3 shows the results of calculations for cometary groups, separated by aphelion distances, eccentricity and absolute magnitude according to the scale of Vsekhsvyatskii Vsekhsvyatskij [1958] . The table also contain similar results for periodic comets having Q < 6 AU. As expected, results provide a plane with a minimum variance, closely approximated to the ecliptic. Even in this case, the plane of Type 1 is inclined only 12
• relative to (1). As shown in Table 3 , we have separated the comets by absolute magnitude (H) into three groups (517 long-period comets were derived from a range of sources) brighter than 6 m , from 6 m to 9 m and fainter than 9 m . Calculations carried out on them, did not lead to unexpected results. In all three cases, we have obtained planes that differ little from (1). We might also note that we have used incomplete data in this analysis, but only accessible from sources (the book of Vsekhsvyatskij [1958] and its continuations). Table 3 also shows the results for comets, whose original orbits are contained in the catalogue Marsden and Williams [2008] . It is also established that the plane Type 3 is more suitable for the comets having Q ∈ (30, 250) AU, due to the minimality of S.
5 On the possibility of perihelia concentration around some point Now suppose that we want to investigate the distribution of perihelia relative to a point having ecliptic coordinates L 0 and B 0 on the celestial sphere. The angular distance λ in this case can be defined by formula:
There are evidences in the scientific literature Oja [1975] , Radzievskii and Tomanov [1977] , Radzievskii [1980] that perihelia might accumulate towards the solar apex, at ecliptic coordinates L A = 27
• ; B A = 53.5
• . In order to test this, we computed the angular distance of all 1249 perihelia between the solar apex using formula (3). Applying this to the basic table, we can quantify perihelia in any surrounding of the solar apex. In Guliev [1985] the point (L 0 ; B 0 ) was replaced by some other points on the celestial sphere for a comparative analysis of perihelion frequency. However, the dominance of the solar apex over the many of chosen directions was not found.
In current work, we come back to the issue once more, on the grounds of grown availability of data and more thorough analysis. In the calculations, we set 12 values of the parameter L 0 (0 • . For the analysis, the following values were found: N-the number of perihelia in the λ-surrounding of the solar apex,n-average number of perihelia corresponding to the λ-surrounding of the 61 points on the celestial sphere, σ-standard deviation, t-standard ratio, which, according to the one-sided Student's t-distribution should be greater than 1.67 at the significance level of 0. 05 Gmurman [1968] . As shown in Table 4 , in no case, the expected value of t is achieved. Continue the calculations for the southern hemisphere does not make sense, since in this case t-parameter will be even smaller. As for the method used by Natanson [1923] , it does not give grounds for determining the significance of the perihelia concentration relative to the point found through this method.
It may therefore be concluded that the concentration of the LPCs perihelia in the area of solar apex is either non-existent or its significance does not satisfy the requirements of mathematical statistics.
6 Distribution of the angular orbital elements of long-period comets around the plane Type 1
To interpret the existence of the plane Type 1, the distribution of the angular orbital elements should be analyzed with respect to this plane. To this end, we calculated the values of ω
, and B ′ , using the transition formulas of spherical astronomy, provided that the ascending node of a plane or a great circle outlines the reference point. To determine the statistical confidence of the excess or deficit of values on some interval, we apply Student's t-test Gmurman [1968] (hereafter t-test). For independent review, each distribution is accompanied by a set of dispersion values: n, σ, t and α (confidence level). Table 5 shows the distribution of orbital inclinations of the LPCs. When compiling the table, the range of i ′ was defined on the principle of equidistant orbital poles. The distribution is described by the parameters: n = 124.9; σ = 12.24. t-values are given in the fourth line. In general, we can see that the distribution is mainly characterized by a minimum in the range 143.1
• -180
• . In other ranges, this parameter is distributed quite uniformly. The use of t-test shows that the "deficiency"of values in this interval has a confidence level α > 0.95.
The values of B and L can be obtained from: The distribution of LPCs B ′ (ecliptic latitude of perihelion with respect to (1)) is also of considerable interest. The range of this parameter is defined on the principle of equal areas on the celestial sphere. The distribution is described by the parameters: n = 124.9; σ = 24.31. Values of t are calculated with respect to the uniform distribution and are given in the fourth line. Here, above all, attention is drawn to a small asymmetry relative to the zeroth argument (584 vs. 665). Largely, it is related to the "deficiency"of perihelia in the region B ′ < −53.13 • (t = −1.72; α = 0.95). The distribution maximum corresponds to the interval x ∈ (−11.54, 0) and its α = 0.92, see Table 6 . Table 7 shows the distribution of 1249 LPCs distant nodes longitude (Ω ′ d ) with respect to the plane Type 1. It is specified by a significant minimum and maximum in the range 60
• -90
• (58 values) and 180
• -240
• (149 values), respectively. Its confidence level exceeds 0.95. One possible interpretation of these extremes will be given below. Statistically significant extremes were not found in the distribution of L ′ (ecliptic longitude of perihelion in the new reference system), so these data are not included in this paper. Table 8 provides data on the parameter ω ′ . Analysis of the parameter shows that this distribution is specified by the maximum in the range 0
• -30 • (166 values). In other intervals of adequate length, the distribution is close to random. A more detailed calculation using the 30
• range showed that the ω ′ distribution maximum corresponds to the interval 350
• , which includes 178 values of this parameter. This is extremely important and will be taken into account in further developments. First attempt to interpret the existence of the plane Type 1 was made in Guliev [1999] . It was found that number of LPCs distant nodes have background increase in the range 250-400 AU. Based on this fact, it has been assumed that there may be a large TNO-comet source in the zone (250 < R < 400 AU, plane of Type 1). Such a celestial body can "generate"long-period comets as well as comets with the smaller Q. This idea was developed in Guliyev [2007] and Guliyev and Guliyev [2012] After the paper of Guliev [1999] was published, the number of LPCs consistent with the principles of our basic list, have increased by almost 76%, but the effect was preserved. Moreover, the analysis shows that number of comets with the corresponding Q in the range 250-400 AU have increased noticeably also. According to our basic table, their number is 55, whereas in 2000 there were only 31 of them.
We took 150 comets having Q ∈ (100, 475) AU from our list and performed one-dimensional analysis on the scale of distances. Using the Sturgess method, we have determined the optimal interval length, l = 47.8 AU. Adding this value to Q i each time, we can easily define 150 intervals and calculate the values of the aphelia (N) in each of them. In other words, we applied technique of intertwined intervals in the statistics of cometary aphelia. Figure 1 clearly indicates a deviation from the expected distribution of type 1/Q in the range 250-400 AU. This can be another indirect evidence that this area somehow relates to the process of replenishment of the observed LPCs. The fact of the "shortage"of comets with sharply reversed i ′ can be easily explained within the framework of the hypothesis. To "generate"such comets, very stringent conditions are required. For the same reason, there is no reverse motion in the system of Jupiter family comets. According to the regularity associated with the distribution of the parameter ω ′ , the group of comets of an unknown planet has similarities with the Jupiter family. The existence of an overpopulation of the sin B ′ around 0 (see Table 6 ), as well as its deficit in the range x ∈ (−1, −0.8), also fits in well with the hypothesis. The distribution of Ω ′ d , within the framework of Guliyev's hypothesis, requires additional analysis.
But the main argument of the Guliyev's hypothesis is related to the distribution of distances of LPCs distant nodes. Guliyev [2007] demonstrated their overpopulation in the range 250-400 AU, i.e. redundancy relative to some background. Recall that to determine such a background, authors have used data of nodes with respect to 67 regions. In current work, the number of such zones is increased to 229 (the parameter Ω p ranged from 0
• to 345
• by 15
• , sin i p ranged from 0 to 1 by 0.1), and the number of comets is almost 1.5 times (1249 vs. 859) higher than in Guliyev [2007] . On the basis of calculations, we have obtained the following dispersion values with respect to the plane (1): N = 43,n = 27.51, σ = 6.34, t = 2.44, α > 0.99 their description is given in Guliyev [2007] .
Varying the applied interval, one can find a more effective value of the t-parameter. For example, in the range 283-357 AU, t = 3.12, which in fact eliminates the randomness. We note that a similar test was also carried out on the real TNOs, including Eris Guliev [2007] . The Guliyev's hypothesis predicts an important effect, which can be verified on the basis of our comet list. It assumes that the hypothetical planet has not only high inclination, but also has a tangible eccentricity of the orbit. Therefore, if we draw an ellipse with the minimum variance along the distant nodes of the corresponding comets and then another one along the aphelion positions in the range 250-400 AU (also with minimum variance), the directions of semi-major axes of these two ellipses should either coincide or deviate minimally from each other. This assumption was verified in Guliyev and Guliyev [2012] , with less data used, and fully aligned with the conjecture.
To test the predictions of the above hypothesis, we selected nine comets having the latitude of lines of apsides within ±5
• with respect to the plane. Table 9 contains the following data of these comets: orbital elements relative to the ecliptic; Q, L ′ , B ′ -aphelion distance, ecliptic longitude and latitude of the perihelion relative to the plane (1), where the reference point is the ascending node of the hypothetical planet. Table 9 : Parameters of 9 comets having latitude of perihelion within ±5
• relative to (1) Comet As shown in the table, the Q values of the comets are in the range 286-388 AU. If we assume that the planet is moving in this interval, its four estimating elements (semi-major axis, eccentricity and two angular) are: a = 337 AU; e = 0.136; Ω = 271.74
• ; i = 86.18
• Next, neglecting the values of B ′ and specifying different values of ω, one can find the optimal ellipse, on which the aphelion positions have the minimum variance. That value was found to be 45
• . A similar task was handled for comets, the distant nodes of which are in the range 286-388 AU relative to the plane (1). The number of those is 25. Their data are given in Table 10 . In addition to the elements referred to the ecliptic, here are:
′ -inclination of the cometary orbit in the new frame and (r − R d ) 2 -squared residual with respect to the obtained ellipse. The new frame means the plane (1), provided that the reference point is the ascending node of the corresponding great circle on the celestial sphere.
Modeling the ω of the hypothetical planet shows that the minimum accumulative (r − R d ) 2 is reached at the value of 70
• . This means that the angle between the semi-major axes of the two estimated orbits is 25
• . The probability that two directions having such an angle are completely different is (1 − cos 25
• )/2 ≈ 0.05 on the null hypothesis of uniform distribution. By the way, in Guliyev and Guliyev [2012] similar testing was carried out for the nodes and aphelia of periodic comets in order to determine the direction of Jupiter line of apsides. The output value of ω, differed from the true one by 10
• . Taking into account inaccuracy of cometary orbits and limited number of them, it can be stated that the agreement between these two values of ω complies with the hypothesis.
Therefore, if we commit the mean ω, we can assume that the hypothetical planet has the following orbital elements: a = 337 AU; e = 0.14; ω = 57 • ; Ω = 272.7
•
Numerical integrations
To verify the stability of such an orbit, we integrated it in a heliocentric frame for 10 7 yr in the past and in the future. For this purpose we used the Bulirsch-Stoer algorithm which is included in the MERCURY package (Chambers [1999] ). Within numerical explorations we considered the gravitational forces of the Sun, four Jovian planets and the Planet X, assuming its mass ∼ 1M ⊕ or ∼ 10M ⊕ . Furthermore, we selected 53 comets based on their orbital characteristics (inclinations and perihelion latitude) in order to check possible dynamical path between the comets and the Planet X. The B-S code may handle close encounters with massive bodies when they are involved, thereby we registered any particle that came within 1 Hill radius of the perturber. It is important to note here that a celestial body with masses given above, at such a heliocentric distance (r > 300 AU), will have a Hill sphere radius ∼3-7 AU. The initial orbital elements are obtained from the DE431 numerical theory provided by the JPL ephemeris service 1 . The simulations were carried out for approximately 10 6 yr in the past with formal accuracy parameter set 10 −12 , was applied. The non-gravitational forces are not considered during the integrations. Since we do not know the location of the hypothesized planet at the moment, we decided to produce a series of simulations, by changing its mean anomaly on 10
• , thereby shifting its position in the orbit almost equidistantly. Thus, we got 36 simulations for given mass.
Our results showed that such an orbit can indeed be sustainable despite the extreme inclination, at least for the period of integration. In addition, we succeeded in detection of the number of close encounters between some comets and the planet. List of these comets will be given below.
Discussion and summaries
At the beginning of our study, we largely focused on an examination of assumption about concentration of the LPCs perihelion positions around some point or plane (great circle on the celestial sphere). Evidence of one of them rejects the hypothesis of a chaotic perihelia distribution. Our investigation points to the existence of two planes on the celestial sphere, around which concentration of perihelia takes place, consequently, as well as their aphelia. One of these areas is close to the ecliptic region. So it is not the subject of the research. The second one is more crowded with perihelia. Considering the impact of visibility conditions, it might be argued that this area has a significant advantage over the first one. Thus, its existence may be considered as one of the specific features of the LPCs system. The central plane of this area is almost perpendicular to the ecliptic. On the basis of this area instead of the ecliptic, we can see clear patterns in the distribution of certain angular parameters, such as L ′ , B ′ , ω ′ , Ω ′ d . It is possible that the existence of such an area can be explained by several factors. In our view, it can be the reason for the existence of a whole family of comets, injected by an unseen massive planet on the distant peripheries of the Solar System. Such a planet could "generate"two types of comets: some of them have aphelia in the zone of planet motion, others have distant nodes of cometary orbits in the same region. We have focused significant attention on the theoretical search for such groups within our study. It turned out, there is in fact an excess of distant nodes of cometary orbits in the area (1) as in the range 250-400 AU as well as aphelia of a considerable number of comets. We calculated two optimal ellipses considering aphelion positions and distant nodes of the corresponding comets. As a result, the angle between the directions of their semi-major axes is about 27
• , which is beyond the scope of randomness. These regularities are well associated with the hypothesis of a massive trans-Neptunian planet. Similar hypotheses have been developed in recent years by other authors, in particular, Batygin and Brown [2016] , Trujillo and Sheppard [2014] , de la Fuente Marcos and de la Fuente Marcos [2014] , Iorio [2014] . Looking ahead, we note that our approach to cometary data can be useful for testing such hypotheses.
In our work we have resulted five estimated orbital elements of the prospective planet. But we cannot judge its mass and the exact location in orbit at the moment. Numerical integrations show that the orbit of such a planet should be sufficiently stable, although it is likely that the origin of such an object does not fit into the frameworks of modern cosmogonic theories of the Solar System formation.
Besides that, we explored the orbital evolution of 53 comets up to 1 million years, taking into account the gravitational influence of the unknown planet. In this case, we considered two options for its mass-it could have 1M ⊕ , or exceed it 10 times. For a series of simulations, we vary the mean anomaly of the planet by 10
• . It turned out that some comets could have close encounters with the prospective planet shortly before their discovery. Among these comets, we should especially highlight the objects: C/2012 L1, C/2005 N1, C/2006 CK, C/1920 X1, C/2007 D3, C/2010 A4, etc. According to our calculations, a special place is occupied by the comet C/1911 O1, since several centuries before its discovery, it could have a close approach with the planet at a distance of 2-3 AU. Perhaps, it is the comet that could answer the question of where the planet is now. However, it is clear that the planet should have an almost imperceptible daily motion with a very low albedo or absolute magnitude, placing it beyond current detection limits. The proximity of the orbital plane to the galactic plane may potentially complicate the search for such a planet (see also Sheppard et al. [2011] ).
Anyway, as cometary data increases as well as their accuracy, our calculations, assumptions and conclusions should be verified.
